The main result in the paper states the following: For a finite group G = AB, which is the product of the soluble subgroups A and B, if a, b is a metanilpotent group for all a ∈ A and b ∈ B, then the factor groups a, b F (G)/F (G) are nilpotent, F (G) denoting the Fitting subgroup of G. A particular generalization of this result and some consequences are also obtained. For instance, such a group G is proved to be soluble of nilpotent length at most l + 1, assuming that the factors A and B have nilpotent length at most l. Also for any finite soluble group G and k ≥ 1, an element g ∈ G is contained in the preimage of the hypercenter of G/F k−1 (G), where F k−1 (G) denotes the (k − 1)th term of the Fitting series of G, if and only if the subgroups g, h have nilpotent length at most k for all h ∈ G.
Introduction
The study of factorized groups whose factors are linked by some particular property has received considerable interest recently. The focus in this paper is on a connection property introduced by Carocca [5] (based on a remark of Maier in [14] ):
Let L be a non-empty class of groups. Subgroups A and B of a group G are L-connected if a, b ∈ L for all a ∈ A and b ∈ B. A group G = AB is an L-connected product of A and B if A and B are L-connected. Of course, the special case A = B = G has been dealt with before; there are numerous results considering the question when for a group G containment of all 2-generated subgroups in L implies that G is contained in L. For finite groups, the most famous result in this direction is a consequence of Thompson's classification of minimal simple groups [15] :
A finite group is soluble if all of its 2-generated subgroups are soluble.
A nice elementary proof of this theorem has been given by Flavell [9] . As a further example we mention the work of Carter, Fischer and Hawkes [7] where results of the same type are obtained for various important subclasses of finite soluble groups.
We note also that results of this type follow from the theory of varieties of groups, and for finite groups in particular from studying finite varieties introduced by Brandl in [4] .
For general L-connected products, up to now only the cases L = S, the class of finite soluble groups, and L = N , the class of finite nilpotent groups, have been studied.
Carocca [6] showed that S-connected products of soluble groups are soluble. Structure and properties of N -connected products are understood very well (cf. Ballester-Bolinches, Pedraza-Aguilera [2] and Hauck, Martínez-Pastor, Pérez-Ramos [12] ). For instance, in an N -connected product G = AB, A and B are subnormal subgroups and the nilpotent residual A N of A is centralized by B (and vice versa). Also the product G = AB is N -connected if and only if G modulo its hypercenter is a direct product of the images of A and B. A further study of the behaviour of N -connected products of groups, in relation to certain inheritance properties between the factors and the whole group, was carried out by Beidleman and Heineken [3] .
In this paper we consider mainly the case L = N 2 , the class of finite metanilpotent groups. It is obvious that G = AB is an N 2 -connected product of A and B if G/F (G), F (G) denoting the Fitting subgroup of G, is an N -connected product of AF (G)/F (G) and BF (G)/F (G). The main theorem of this paper says that for soluble groups the converse holds, too. Thus, the structure of soluble N 2 -connected products is reduced to the structure of N -connected products which is quite transparent by the results mentioned above.
It is an open question whether a corresponding statement is true if N 2 is replaced by N k , the class of finite soluble groups of nilpotent length at most k, for k ≥ 3. However, under certain conditions on A and B such a generalization can be obtained which has already interesting implications. For instance, let k ≥ 1 and let g be an element of a finite soluble group G; then g, h ∈ N k for all h ∈ G if and only if g is contained in the preimage of the hypercenter of G/F k−1 (G), where F k−1 (G) denotes the (k − 1)th term of the Fitting series of G.
Notation and preliminary results
All groups considered in this paper are assumed to be finite.
We shall adhere to the notation used in [8] and we refer also to that book for the basic results on classes of groups. In particular, P denotes the set of all prime numbers and σ(G) the set of all primes dividing the order of the group G. Also A denotes the class of all abelian groups.
We now gather some results on products of groups and on N -connected products which will be needed in the paper. 
4(i)]) For a subgroup S of G, the factorizer X(S) of S in G = AB satisfies S ≤ X(S) = A ∩ X(S) B ∩ X(S) . If in addition S is normal in G, then X(S) = AS ∩ BS.

([13, Theorem 4.4.1]) If A and B are subnormal subgroups of G, then
Proof . The first part is easily proved. From this part we deduce in order to complete the proof that
and we are done.
Lemma 5 If the group
is an L-connected product, for any pair of elements x, y ∈ G. 
is easily deduced from (iii). On the other hand, for every prime p, we recall that there exist 
Lemma 7 If N is a subgroup of a group G normalized by an element
The above-mentioned results will be used freely throughout the paper, usually without further reference. 
Lemma 8 Let
(It is clear that the last part of ( * ) holds if α, β n ∈ N F for all n ∈ N.)
Assume that N, α, β satisfy Condition ( * ). Set
Then:
(Notice that N F is a saturated formation for any formation F .) Proof. Note that T = N α, β is a soluble group and that C = C N α, β
If in addition
. Therefore, by coprime action it follows that N = R × C and that
is abelian and by [8, Theorem IV.5 .18], the complements of T N F in T are precisely the N F-projectors of T . Thus, to complete the proof of Part 1 it is sufficient to show that
In order to show that
, and so we have that n = (µn
Arguing as in the proof of Part 1, it follows that C nα, β is an N Fprojector of T . By Part 1, C α, β is also an N F-projector of T and it is a complement of R in T . Therefore C nα, β = C α, β ρ for some ρ ∈ R.
Thus we have nα = cx ρ with c ∈ C and x ∈ α, β . This means that
To prove the reverse inclusion, let n ∈ C [N, α ] . By Lemma 7 we may write n = cµ
We have already seen in the proof of Part 1 that 
, we may write µ = cρ −1 αρα −1 with c ∈ C and ρ ∈ N. Thus µα = cα ρ . Arguing as in the proof of Part 3 we have that:
We have:
, which implies that R ≤ C and so N = C as claimed.
Since 
Hence it is clear that N 1 , α, β satisfy Condition ( * ). Note that n ∈ N 1 | nα, β ∈ N F = N 1 and so, by the above equivalence we have that
Arguing as above we have that R ≤ C and so N = C. Now, Part 6 is clear. Proof. Since F (G mod Φ(G)) = F (G), it follows that Φ(G) = 1. Let N be a minimal normal subgroup of G. Let a ∈ A and b ∈ B. By the hypothesis we have that a, b
, for a suitable l. In particular, Z¢¢G, which would imply the contradiction a, b
which provides a contradiction.
The main result Theorem 1 If the soluble group G = AB is the N 2 -connected product of the subgroups A and B, then
is an N -connected product of the two factors.
Proof. We observe first that the statement of the theorem is equivalent to the fact that a, b
Assume that the result is false and let G be a counterexample with |G| + |A| + |B| minimal. Let a ∈ A and b ∈ B. By the hypothesis we have that a, b ∈ N 2 and consequently a, b N ∈ N . The choice of G implies that
, we obtain that G has a unique minimal normal subgroup N,
Let us denote
We point out also the following fact:
an N -connected product; equivalently, for every pair of primes l and r
To prove this we notice that
and N is a p-group. Now, for any U r and V l as above, we have by
We split now the proof into two cases: Case 1: NA < G and NB < G.
Case 1: AN < G and BN < G.
We claim first:
.
We will show that X¢¢G, which implies N = X and proves the claim, as
We know that
Since NA < G, we deduce from (3) that AN/N and (
Our next aim is to prove that G has the following structure, after interchanging the roles of A and B if necessary:
This is derived in the next two steps by distinguishing the cases when p |G : N| and when p | |G : N |.
We split the proof of this fact into the following steps:
is an N -connected product. Then by Lemma 2 (3), we have that
and so
as we wanted to prove.
If BF 2 < G, the result follows analogously.
Assume now that AF
2 = G = BF 2 . Let A p ∈ Syl p (A) and B p ∈ Syl p (B) such that A p B p ∈ Syl p (G). It is clear that NA p , NB p ∈ Syl p (G) and so NA p = NB p = A p B p . Let us consider NA = A p NA = B p NA = B p (N ∩ B)(N ∩ A)A = B p A < G.
By (3) it follows that
By (3) 
for any prime r = p. Hence
In particular,
We prove next that
It follows from the choice of (G,
We consider X p ∈ Syl p (A) and Y q ∈ Syl q (B) such that
This implies that G = O q A p and we are done.
We can assume A q B q ∈ Syl q (G). Also O q = NA q B q ¢ G and G satisfies (S) with r = p. On the other hand, by the choice of (G, A, B) and taking into ac-
, the following fact is easily deduced:
We set H = A p and K = B p . We notice also that, since M = HK is the product of the N 2 -connected subgroups H and K, the choice of
For every r ∈ σ(M), we consider
It is known that C 1 = ∅ and C 2 = ∅. The following steps lead now to the desired structure of G.
Moreover,
and
Assume that for every r ∈ σ(M), we have
We notice that 3.a) .
For the second part, since r ∈ σ(M), H r K r < M and so H r and K r are N -connected. Consequently, W = F (H r K r ) = (W ∩ H r )(W ∩ K r ) by Lemma 2 (3). The rest is clear.
By the choice of G we have that
We notice that H r normalizes F (M)K r and also
Let T 1 := W ∩H r , H r and T 2 := W ∩K r , K r . We notice again that
Then the choice of (G, A, B) implies that T 1 and T 2 are N -connected. Consequently,
This means that F (M) = F (M) ∩ H F (M) ∩ K and we are done.
In this case we have that
If X < M, then X ∩ H and X ∩ K are N -connected by the choice of (G, A, B) . Therefore
and F (M) = F (X) yields the assertion.
On the other hand, since M/F (M) ∈ N , we deduce that H
Consequently,
In an analogous way we can assume that K ∈ N . But this implies that
.7] and the step is proved.
This follows from (1.3.c), (1.3.d) and Lemma 4.
We take now 1 = x ∈ H, x an l-element,
, whose existence is assured by Lemma 6. 
II. F (M) x < M and F (M) y < M.
Since HF (M)/F (M) and
Assume that the case II does not hold and w.l.o.g.
We prove next that σ(M) = {l, q}. This is clear in the case I. Assume that II holds. Let
Since M = F (M) x y , it is clear that M = H 1 K 1 and so K = K 1 and H = H 1 by the choice of (G, A, B). Let us consider F (M) x =
F (M) ∩ K F (M) ∩ H Q < M, for any Q ∈ Hall {q,l} (H). By the choice of G we have in particular that
, P ] = 1 for any P ∈ Hall {q,l} (K). We consider now X ∈ Hall {q,l} (K) and Y ∈ Hall {q,l} (H) such that XY = Y X ∈ Hall {q,l} (M). Then we have that
If |σ(M)| ≥ 3, then X 1 Y 1 < M and we would obtain the contradiction [x, y] = 1. Therefore σ(M) = {l, q} and we are done.
(1.3.g) (1.3.f)I holds and G satisfies (S) with r = l.
Assume that M = F (M) x y , σ(M) = {l, q}, F (M) x < M and F (M) y < M. By the choice of (G, A, B) we have that H
= O q (M)∩ H O l (M) ∩ H x and K = y O q (M) ∩ K O l (M) ∩ K .
We claim that H ¢ ¢M and K ¢ ¢M. Since HF (M)/F (M) and KF (M)/F (M) are N -connected, we have HF (M) ¢ ¢M. Moreover F (M)H = (F (M) ∩ K)H = F (M) x < M, which implies that (F (M) ∩ K) and H are N -connected by the choice of G. In particular, H ¢ ¢F (M)H and so
H ¢ ¢M. Analogously, K ¢ ¢M. Consequently M N = (HK) N = H N K N by Lemma 1 (3). But H N ≤ O q (M)∩H and K N ≤ O l (M) ∩ K, which implies H N = O q (M N ) and K N = O l (M N ) since M/F (M) ∈ N . In particular, O q x, y N ≤ O q M N ≤ H and O l x, y N ≤ O l M N ≤ K. Then x, y = x x, y N y = x O q x, y N O l x, y N y , where x O q x, y N ≤ H and O l x, y N y ≤ K. It follows that M = x, y , H = x O q (M N ) and K = O l (M N ) y ,
by the choice of (G, A, B).
We notice now that N, x, y satisfy Condition ( * ) of Lemma 8. 
This proves that (1.3.f)I holds and the choice of (G, A, B) provides the desired structure for G.
Assuming the structure (S) for the group
We denote by bars the images in the factor groupḠ = G/N. The final contradiction for case 1 is derived next:
. Consequently the claim follows by (3) .
. We notice now that N, α, β and also N, α, zβ satisfy Condition ( * ) of Lemma 8. Moreover,
∈ N by the previous claim. By Lemma 8, we deduce in particular that ( 
Then it is clear that C = C N ( β, sα N ). By Lemma 8 applied to N, α, β and N, sα, β we have in particular that 
which implies by Lemma 8 (6) that N = C = 1, the final contradiction.
We may assume that AN = G. Then A is a maximal subgroup of G and
We will derive a contradiction in this case by means of the following steps: by the choice of (G, A, B) we obtain that G/N is the product of the N -connected subgroups AN/N and (X ∩ B p )N/N. In particular X = (X ∩ B p )N is subnormal in G. Hence X = N and so we conclude
Thus B is a p-group and furthermore we have BN = X = (X ∩ A p )B, which implies that X ∩ A p = 1.
As we have seen in (2.3), F (A) is a p -group. Let q be a prime divisor of
by (2.2) and (2.3). Since
A p = 1, it is clear that A p is not centralized by F (A). Consequently, there exists a prime q = p such that O q (A)A p = A, which implies that F (A) = O q (A). Notice that F (A)/Φ(A) = Soc A/Φ(A) = L 1 /Φ(A) × · · · × L s /Φ(A), where L i /Φ(A) is a minimal normal subgroup of A/Φ(A) for i = 1, . . . , s. If s > 1, then L i < F (A) and L i A p < A for i = 1, . . . , s. By (2.2) again we obtain that A p is centralized by L 1 . . . L s = F (A), a contradiction. Therefore s = 1,
which means that F (A)/Φ(A) is a minimal normal subgroup of A/Φ(A). We have
and obviously
and we have Φ(A) ≤ Z(A).
Since N is an irreducible and faithful A-module over GF(p), it follows that Z(A) is cyclic (see [8, Corollary B.9.4] ). Now the result is clear.
In particular, since x and a have coprime orders, we have (A) and a x −1 and z have coprime orders, it follows that a x , a = a x −1 , z , a . It is clear that this subgroup is normalized by x and so it is a normal subgroup of x, a . Let Q denote the normal closure of x in x, a . Since Q ≤ F (A) and
Assume that F (A) is not abelian. Then 1 = Φ(F (A)) = Φ(A) by (2.4) and it follows that Φ(F (A)) has order q by (2.6). Therefore, A) ) has order q, so it follows that Z(F (A)) ≤ C F (A) (V ) and so we have that (F (A) ) and x has order q. By (2.8), F (A) is an extraspecial q-group, so we can apply [8, Corollary B.9 .20] to deduce that V a i is a direct sum of regular GF(p) x -modules. Therefore N is a direct sum of regular GF(p) x -modules. In other words, we have that
whence Z(F (A)) = Φ(A). Thus we have that Φ(F (A)) has order q and Z(F (A)) = Φ(F (
(2.10) F (A) is an elementary abelian q-group and Φ(A) = 1.
. Notice that N, x, a and also N, a
x , a satisfy Condition ( * ) of Lemma 8 by (2.5). By (2.7) we have that
is a normal subgroup of G, so it follows that C N (Φ(A)) = 1. Therefore C = 1 and so, by Lemma 8 (1) and (2), we conclude that R = N and
On the other hand, we have |N| = |C N (x)| q by (2.9), and so q = 2. Since F (A) has exponent q, it follows that F (A) is abelian, a contradiction. Therefore F (A) is abelian and it is an elementary abelian q-group. Moreover, we have that Φ(A) = Φ(F (A)) = 1. Let us see that p = 2. We can take 1 = x ∈ F (A). If p = 2, then xx a is fixed under a since F (A) is abelian and a 2 = 1. Hence xx a = 1 and so x a = x , a contradiction. Therefore p = 2.
(2.12) The final contradiction.
Since Z(A p ) = 1, we can take a ∈ Z(A p ) such that | a | = p. We also take 1 = x ∈ F (A). By (2.11), x a = x . In particular x a = x, x, a N = 1 and C N ( x, a N ) = N. Notice that by (2.5) both N, x, a and N, a
x , a satisfy Condition ( * ) of Lemma 8. Using (2.7) we set
Since C = N, it follows from Lemma 8 that R = 1 and C ∩ R = 1. Let Q denote the normal closure of x in x, a . Since Q ≤ F (A), Q is an elementary abelian q-group. We have that x, a = Q a and
Since R is normalized by x, a and R = 1, we can consider an irre-
is abelian, which implies that Q/C Q (V ) is cyclic (see [8, Proposition B.9.3] ). We have that C ∩R = 1, and so V is not centralized by x, a N . In particular, C Q (V ) < Q and therefore Q/C Q (V ) has order q. Observe that Q is completely reducible as GF(q) a -module. We claim that
Therefore S has order q, S ≤ F (A) and S a = S, which contradicts (2.11). This proves that 
We notice that L is isomorphic to V Q a , the induced module of V from Q to Q a = x, a . Then, by Mackey's theorem, we obtain that
On the other hand, recall that N, a x , a satisfy Condition( * )of Lemma 8.
Finally, this implies that p = 2, which contradicts (2.11).
Remark 1
In contrast to all essential properties of N -connectedness(cf. [12] However, let us consider another generalizing condition to the case G = S 1 · · · S n where G is soluble with S 1 , . . . , S n pairwise permuting subgroups. It follows from [12, Proposition 1 (5)] that, in this case, the subgroups S 1 , . . . , S n are pairwise N -connected if and only if a 1 , . . . , a n ∈ N for all a i ∈ S i , i = 1, . . . , n. Now, assume that G = S 1 · · · S n is a product of pairwise permuting subgroups such that a 1 , . . . , a n ∈ N 2 for all a i ∈ S i , i = 1, . . . , n. Then it is clear that, for every i = 1, . . . , n, S i and j =i S j are N 2 -connected subgroups of G. By Theorem 1 it follows that the subgroups S 1 F (G)/F (G), . . . , S n F (G)/F (G) are pairwise N -connected and so that a 1 , . . . , a n F (G)/F (G) ∈ N for all a i ∈ S i , i = 1, . . . , n.
It is still possible to state another generalization for products of more than two factors. Let the soluble group G = S 1 · · · S n be again a product of pairwise permuting subgroups with n ≥ 3. Assume that S 1 and S 2 are N 2 -connected and S i and S j are N -connected for all i = j with {i, j} = {1, 2}. For any prime p, let P ∈ Syl p (S 1 ) and Q ∈ Syl p (S 2 ) such that P Q ∈ Syl p (S 1 S 2 ). From [12, Proposition 1 (3)] and Lemma 6 we deduce that P Q and S 3 · · · S n are N -connected permuting subgroups. Consequently,
It follows now from Theorem 1 that a 1 , a 2 N ≤ F (S 1 S 2 ) ≤ F (S 1 · · · S n ) = F (G) for all a 1 ∈ S 1 and a 2 ∈ S 2 , that is, S 1 F (G)/F (G) and S 2 F (G)/F (G) are N -connected.
Remark 2
The hypothesis in Theorem 1 that G is the product of the N 2 -connected subgroups A and B is essential; it cannot be replaced by G = A, B . For instance, let G = Alt(4) × Alt(4) C 2 be the wreath product of Alt (4) 
Concluding remarks
It is natural to ask whether Theorem 1 can be extended to the general case of N F-connected products, F a formation. The following example shows that this is only possible for formations F containing all finite abelian groups.
Example Let F be a formation such that A ⊆ F. Then there is a cyclic group C = c which is not contained in F . We consider now V a faithful Cmodule over GF(p), for a prime p ∈ σ(C), and G = [V ]C the corresponding semidirect product.
Obviously g ∈ N ⊆ N F for all g ∈ G,
this is to say that G = GB is the N F-connected product of G and B = 1.
that is, G/F (G) and BF (G)/F (G) are not F -connected.
We have not been able yet to prove a version of Theorem 1 for any soluble N F-connected product G = AB, where F ⊇ A is a formation. This is however possible under certain conditions on the factors A and B. In the following we just present one such result which has already interesting consequences (Corollaries 3 and 4) . Proof . We observe first that the statement of the theorem is equivalent to the fact that a, b F ≤ F (G) for all a ∈ A and all b ∈ B.
Assume that the result is false and let G be a counterexample with |G| minimal. By Lemma 9 we have that G has a unique minimal normal subgroup N, N ≤ A and N ≤ B. In particular, for the prime p dividing |N|, it follows that p | |A| and p | |B|. We may assume that A is normally embedded in G. Therefore we have 1 = A p ∈ Syl p (A) and A p ∈ Syl p (K) for some normal subgroup K of G. Since N is the unique minimal normal subgroup of G, we have N ≤ K and so N ≤ A p , a contradiction which concludes the proof.
For a group G we set F 0 (G) = 1 and F k (G) = F G mod F k−1 (G) for k ≥ 1. Proof . If g ∈ Z ∞ G mod F k−1 (G) , then g, h F k−1 (G)/F k−1 (G) is nilpotent and so g, h ∈ N k for all h ∈ G. We will show the other implication by induction on k.
If k = 1, then g and G are N -connected and g ∈ Z ∞ (G) by Lemma 2 (2). Suppose inductively that the result holds for k ≥ 1. Assume that g, h ∈ N k+1 for all h ∈ G. Then g and G are N k+1 -connected. It follows from Proposition 1 with F = N k that ḡ and G are N k -connected, where we denote by bars the images in the factor group G/F (G). By inductive hypothesis we haveḡ ∈ Z ∞ (G mod F k−1 (G)). Since the N k−1 -radical of G is F k−1 (G/F (G)) = F k (G)/F (G), we conclude that g ∈ Z ∞ (G mod F k (G)). This completes the induction argument.
